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The Dynamic Behavior of a CSTR: Some 
Comparisons of Theory and Experiment 
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Mathematical methods employed recently in a theoretical study by and 
W. H. RAY Uppal et al. (1974) are applied to the second-order homogeneous reaction 

between sodium thiosulfate and hydrogen peroxide and are combined with 
experimental investigations of that reaction using a nonadiabatic con- and 
tinuous stirred tank reactor (CSTR). A complete portrayal of the expected 
behavior of that reaction system is presented in parameter space. Scme A. UPPAL 
new experimental studies of reactor instabilities are presented and linked 
to that portrayal. Close agreement is shown between theoretical predictions 
and experimental data. 
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State University of New York at Buffalo 
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Recent publications by Uppal et al. (1974, 1976) have 
summarized, added to, and given order to the plethora of 
prior theoretical information on the classical problem re- 
garding steady state multiplicity, stability, and oscillations 
in a continuous stirred tank reactor (CSTR) for a first- 
order, exothermic Arrhenius reaction. Publications of ex- 
perimental investigations of these phenomena in homo- 
geneous reaction systems had appeared, though they 
were sparse at  that time. Among these were experiments 
by Vetjtasa and Schmitz (1970) and Chang and Schmitz 
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(1975a,b) which employed the second-order liquid phase 
reaction between sodium thiosulfate and hydrogen per- 
oxide. The present investigation employs this reaction 
system and amounts to a union between experimental 
studies and the analytical methods employed by Uppal 
et  al. The general intention was to enhance the signifi- 
cance of both lines of research. Specifically, the objectives 
of the work were to elucidate completely the possible be- 
havioral traits for the thiosulfate-peroxide reaction sys- 
tem, which has proved to be useful for laboratory tests 
and demonstrations of CSTR behavioral characteristics, 
and to relate these findings to previously reported ex- 
perimental results; to examine the feasibility of using the 
existing experimental facility for conducting experimental 
tests of behavior predicted theoreticaily but not pre- 
viously observed; and to conduct, with the guidance of 
theoretical results, feasible laboratory tests. 
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CONCLUSIONS AND SIGNIFICANCE 

The principal result of the theoretical portion of this 
work was a delineation in parameter space of the various 
predicted types of steady state and oscillatory situations 
for the thiosulfate-peroxide reaction. (To some extent, 
these theoretical results apply generally to second-order 
Arrhenius reactions in a CSTR, but certain parameter 
values were fixed to correspond to those of the experi- 
mental facility at hand.) The results were used to design 
experiments aimed directly at studying situations in which 
there exist three steady states for a given set of param- 
eters, only one being stable to small perturbations, but 
there being no sustained oscillations (limit cycles). Ex- 
perimental investigations into this type apparently have 
not been conducted previously for homogeneous reac- 
tions. The experiments showed, as predicted theoretically, 
that one of the unstable states (the highest conversion 
state) could be stabilized by deliberately increasing the 
heat capacity of the reactor. When the increased capacity 
was removed, small oscillations set in, grew in amplitude, 
and eventually led to steady operation at the only stable 
state (a low conversion state). In the experimental tests, 
the excess heat capacity was provided by a pool of water 
held in an annular space surrounding the reactor wall. 
Experimentally obtained steady states, both stable and 

unstable, and phase plots are shown to be in very good 
agreement with theoretical predictions. As it turned out, 
other interesting predicted situations, not previously 
studied experimentally, could not be investigated either 
because they called for parameter values beyond those 
attainable in the experimental facility or because their 
existence was confined to impractically small regions in 
parameter space. 

The research reported in this paper is significant be- 
cause the bringing of the methods of theoretical analysis 
used by Uppal et al. (1974) to bear on a real reaction 
system and the close coupling of laboratory experiments 
to the theory result in a better understanding and appre- 
ciation of the steady state and dynamic complexities of the 
CSTR. Furthermore, the demonstrated role of extraneous 
heat capacities in determining the stability or instability 
of certain steady states has practical significance in the 
scale-up process in which information gained from small 
reactors is used to predict the performance of large com- 
mercial ones. The former usually have large relative ex- 
traneous capacities, while the latter ordinarily have negli- 
gibly small ones. The operating state predicted for the 
large reactor may be unattainable owing to unanticipated 
intrinsic instabilities. 

Among the recent developments in the area of chemi- 
cal reactor stability have been experimental studies of 
the steady state and dynamic behavior of exothermic 
liquid phase reactions in the CSTR (Vejtasa and Schmitz, 
1970; Chang and Schmitz, 1975u, b ) ,  and an overall 
theory which forms the capstone of a lengthy history of 
theoretical investigations into the behavior of these reac- 
tors (Uppal et al., 1974, 1976). The aforementioned ex- 
periments employed the second-order liquid phase reac- 
tion between sodium thiosulfate and hydrogen peroxide to 
investigate the existence of multiple steady states and of 
sustained oscillatory states. The theoretical work of Uppal 
et al. (1974, 1976) applied stability and bifurcation 
analysis as well as topological arguments to a first-order 
reaction kinetic model, The principal result of that work 
was a summary, in terms of regions in reactor parameter 
space, which characterized the possible types of CSTR 
behavior with special emphasis on the multiplicity and 
stability of steady states and the emergence, disappear- 
ance, and stability of periodic orbits (sustained oscillatory 
states; limit cycles). [Additional references to both ex- 
perimental and theoretical work in this area may be 
found in a recent review paper (Sehmitz, 1975) .] 

The present study represents a merger of these two 
lines of investigation. Among the results of the work are 
an elucidation of the theoretically predicted behavior for 
the thiosulfate-peroxide reaction in a CSTR, the attain- 
ment in the laboratory of a type of instability which ap- 
parently has not previously been reported for homoge- 

neous reactions, and the confronting of theoretical model 
predictions with experimental fact. 

MATHEMATICAL MODEL 

It  has been shown in a previous study (Chang and 
Schmitz, 1 9 7 5 ~ )  that the reaction rate between sodium 
thiosulfate and hydrogen peroxide in aqueous solution is 
accurately described by a second-order Arrhenius type of 
expression, first order with respect to each reactant.* A 
preexponential factor k, of 1.63 X 1O'O l/mole s, an acti- 
vation energy E,  of 16 190 cal/gmole, and a molar stoi- 
chiometric ratio of peroxide to thiosulfate of 2 were re- 
ported in that study. The stoichiometric equation for the 
reaction is 

NazSz03 + 2 HzOz + Products 

The basic species and energy balance equations were 
presented in earlier work of Chang and Schmitz ( 1 9 7 5 ~ )  
and can be put in the following 

- _  'lc' - - x l + D a [ ( b - x l ) ( l  
de 

3mensionless form: 

* A s  indicated in the study b y  Chang and Schmitz (1975a), the ki- 
netics of this reaction are appr.rently dependent on the ranges of tem- 
perature and concentrations employed as well as on the nature of the 
reagent solutions. The present study was essentially confined to the same 
conditions as described in the cited reference. 
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TABLE 1. NUMERICAL V a n s  FOR PARAMETERS 
AND CONSTANTS 

500 crna 
0.97 rnole/l 
1.46 rnole/l 
146.4 l'C/grnole NazS203 
260°K 
273°K 

19 208 +- (T in "C; qc in ml/s; 
1 + 0.021T gco.8 

Cal 

Q n 2 s  ' C  
Uin 

980 rnl 

0.842 cal/cms "C 
1.0 cai/cm3 oc 

The basic system of equations also contains a species 
balance on thiosulfate, but the concentration CA of thio- 
sulfate can be related stoichioinetrically to x1 by the re- 
lationship 2( C A  - CA,F) /CB,F = X I .  According to argu- 
ments by Chang and Schmitz (1975u), this relationship 
may be assumed to hold for both the steady and unsteady 
states. 

The parameter groups B and ,$ in Equation ( 2 )  are 
analogous to groups B and P defined by Uppal et al. 
(1974), except that here they are modified by the factor 
1/ ( 1  + E )  which accounts for extraneous heat capaci- 
ties. This same factor gives rise to the new parameter a 
which did not appear in the model of Uppal et al. The 
extraneous heat capacities are those of materials other 
than, but in thermal contact with, the reacting fluid, such 
as reactor walls, etc. Since the factor appears homoge- 
neously on the right-hand side of Equation ( 2 ) ,  it has 
no effect on the steady state. Its effect on the transient 
state and stability was discussed in the paper by Chang 
and Schmitz ( 1 9 7 5 ~ ) .  

Parameter values which apply to the experimental part 
of this study are listed in Table 1. These fix the values 
of b and at 1.33 and 29.8, respectively. The remaining 

parameter groups a, B,  /&c, and Da are manipulatable 
by changes in the feed and coolant flow rates and by 
changes Pn E .  Such experimentally related matters re- 
ceive further attention later, but the handling of the 

factor H ,  and thus of the groups 01 and P x ~ c ,  requires 
some mention at this point. The factor H is effectively a 
heat transfer coefficient defined such that the product 
H(T - T c )  represents the total rate of heat loss to the 
coolant. Taking T ,  to be the inlet temperature of a liquid 
which flows through submerged cooling coils at a volu- 
metric rate qc, one can use energy balances to derive the 
following expression for H in terms of an overall heat 
transfer coefficient U: 

A A 

A A  

A 

= q c p c c p c  [ l -  exp (%)I (3)  
q c p c c p c  

In the experimental system, U was found to be a func- 
tion of reactor temperature, as well as of coolant flow 

AlChE Journal (Vol. 2S, No. 2) 

- stable steady state 

* * * *  stable limit cycle 
x x x x  unstable limit cycle 

unstable steady state -- 

L 

fYb 

DamkGhler Number , Da 

Fig. 1. Sketches showing the possible steady state and oscillatory 
characteristics and types of phase plots for the CSTR. 

rate, and was correlated by the expression given in Table 
1. Yet- in the theoretical analysis to follow, the product HT 

is treated as a constant; hence and P X ~ C  are treated 
as independent parameters. This is justifiable, but further 
explanation is best handled in a later section. 

A 

THEORY 

Classification of the Reactor Behavior 
The qualitative features of the dynamic behavior of 

the CSTR for a second-order reaction are similar to those 
for the first-order case, the analysis for which was pre- 
sented in detail by Uppal et al. (1974, 1976). For this 
reason, the presentation here is concise. Mathematical 
derivations and proofs are omitted [a general reference 
is the paper by Uppal et al. (1974)], but sufficient de- 
scription is retained so that the additional analytical com- 
plexities which come to fore with higher-order reactions 
are made known and that the connection between theo- 
retical and experimental aspects for the particular reac- 
tion system at hand is apparent. 

For the steady state condition, Equations (1) and (2)  
yield the following relationship for the Damkohler num- 
ber Da: 
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b = 1.33 / 

1/1 1 I I I I I I I I J 

1 .o 2.0 3.0 
a 

A 

A 
Fig. 2. Computed results in the a,B plane for the thiosulfate-peroxide 

reaction with j34c = -0.852. 

As pointed out by Uppal et al. (1974), the necessary 
and sufficient condition for the reactor to have multiple 
steady states for a fixed set of parameters is that the de- 
rivative dDa/dxls be negative over some range of x1s 
vaIues (with 0 < xls < 1) .  Accordingly, setting of this 
derivative equal to zero and utilizing Equation (4) for 
the differentiation leads to the following equation whose 
roots xls are the values of the conversion at which multi- 
plicity begins (or ends) : 

A 
a 

x1s4 + [ 2 (+Y + 1 X P C )  A + ,..I xlS3 

B B B 

( 5 )  

- b ( - - y + ; ; . m c )  ff $ 2  = O  

B B  

As in the case of first-order kinetics, it can be shown that 
Equation (5) has either zero or two real roots for 0 < 
XIS < 1. The roots for the latter case are denoted here by 
ml and m2 which correspond to the points indicated on 
the ordinate of some of the sketches in Figure 1. 

Equation (5) serves as the defining equation for a 

bifurcation surface in the parameter space of a, B, b, y, 

and ,&c. The surface separates the space into two do- 
mains, one throughout which unique steady states are 
guaranteed and the other throughout which multiple 
states (that is, multiple solutions for xls) exist over a 
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A 

A 

range of values of Da. Following the approach adopted 
by Uppal et al. (1974), we represent this notion graphi- 
cally and conveniently here by considering that three pa- 

rameters b, 7, and P X ~ C  are fixed. The surface then is a 

bifurcation curve in a a, l.3 plane. Such c w e s ,  called 
hereafter M curves, are shown in that plane for two sets 
of the fixed parameters in Figures 2 and 3. Notice that the 
second-order reaction gives rise to a quartic equation 
in XIS for the bifurcation condition [Equation (5)], 
while the analogous equation for a first-order reaction 
was quadratic (Uppal et al., 1974). Computations of the 
M curves in Figures 2 and 3, therefore, required a nu- 
merical search procedure amounting essentially to seek- 

ing the locus of points in the CY, B plane which separates 
the portion of the plane throughout which all roots xis 
of Equation (5) are complex from the portion throughout 
which the two real roots ml and m2 exist. 

Additional characteristics of the reactor behavior may 
be depicted in the same parameter plane by inquiring into 
the local stability of the steady states. The usual analysis 
for local stability proceeds via Liapunov's first method 
and utilizes the following linearized form of Equations 
(1) and (2): 

A 

A 

A 

- = A y  dY 
dt 

where 

3 x1 - x1s 

x2 - xzs Y =  [ 
A =  

X i s ( 1  -t b - 2x1s) x1s 
(b-x1s)(l--xls) ~ x ; )  2 

A A 

(1+7) Bxls z l  Bxis(1 + b - 2x1s) 

( b  -xis) (1 - XIS) 
- f f +  

I - l -  
- 

(6) 

The well-known necessary and sufficient conditions for 
local stability are that the determinant of the coefficient 
matrix A be positive and that the trace of A be negative. 
The first of these leads to the condition that the value of 
xIs must be such that ml > xIs > mz for stability. Regard- 
ing the second condition, vanishing of the trace of A de- 
fines the value or values of xlS at which bifurcations to 
periodic solutions (limit cycles) occur, provided that the 
value or values are not in the range ml < x1s < m2. Setting 
the trace of A equal to zero and making substitutions for 
x2s in terms of xls from Equations (1) and (2 )  and subse- 
quently for Da from Equation (4)  leads to the following 
quartic polynomial in XIS: 

A 
2(ff - 1)P3c2c 2 ( a  - 1 ) Y  ( 5 d ) 2 x l s 4  + [ A + A  

a2 ff2B CZB 

- -- - - q x l s 3  

ff f3 

AlChE Journal (Vol. 25, No. 2) 



28 II 
C I  

aB Q 

I -  -- 

(7) 

A A 
2b( 1 + a ) B ~ 2 c  + b(l+ a) (%)2+ A 

CZB aB2 
A + b( 1 + a ) y 2 / B 2  = 0 

It can be shown that there exist, at most, two real roots 
for xls to Equation ( 7 )  for 0 < x1s < 1. Examples of 
these are depicted by the symbols s1 and/or s2 on the ordi- 
nate of some of the sketches in Figure 1. As indicated 
in those sketches, a locus of points, schematically repre- 
senting the peak values of x1s on limit cycles, emanates 
from points corresponding to conversion levels s1 and s2 on 
the steady state curves. 

As was the case with Equation (5), Equation ( 7 )  gives 
rise to a bifurcation curve, called the S curve, in the 
parameter plane of Figures 2 and 3. The computation of 
the S curve involved a numerical search for the locus of 

those points in the a, plane for which real positive values 
of XIS first appeared as roots to Equation ( 7 ) .  As it turns 
out, points lying above the S curve lead to a violation 
of the trace condition and therefore to a possibility of 
limit cycles. Limit cycles are assured over some range of 
Da values when one of the following conditions is met: 
no real roots ml and m2 exist from Equation (5) while 
at the same time Equation (7 )  yields two real roots s1 
and s2, as, for example, in the sketches labeled Va and Vb 
in Figure 1, or the real roots s1 and s2 exist from 
Equation (7) ,  but not both have values between ml 
and m2. Examples of the latter possibiIities are shown in 
the sketches labeled IIIa, IIIb, IVa, IVb, and VI in Fig- 
ure 1. A boundary curve which along with the M and S 

curves defines the various regions in the a, B plane is the 
SM curve shown in Figures 2 and 3. The SM curves in 
those figures were obtained by locating numerically those 
points at which a root ml or m2 from Equation (5) had 
the same value as a root s1 or s2 from Equation ( 7 ) .  
Clearly, the problem of locating those curves is not a 
trivial computational task. Even more formidable would 
be computations of curves which separate the pattern of 
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b = 1.33 
y = 29.8 
B X * c  =O 

24 - 
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Experimental conditions L"' of Chang and Schmitz (1975b) a 

CT 
A 

Fig. 3. Computed results in the a,B plane for the thiosulfate-peroxide 

reaction with px2c = 0. 

sketch IIIa from that of IIIb, the pattern of sketch IVa 
from that of IVb, and the pattern of Va from that of Vb. 
We felt that the computations of these curves were not 
warranted here, but considerable discussion of them, and 
example computations regarding them for the first-order 
case, may be found in the paper by Uppal et al. (1974). 

The complete description of the reactor behavior re- 
quires, in addition to Figures 1, 2,  and 3, a depiction of 
the various possible types of phase plane portraits. Uppal 
et al. (1974) show that altogether there are nine types 
of portraits and label them A, B, . . . . ., H, and J. (The 
possible types are displayed in Figure 6 of that reference.) 
There are no new types arising for the case of second- 
order kinetics, and to save space here, we do not show 
these various portraits. Notice, however, that the abscissas 
of Figure 1 are segmented, each segment bearing a label 
corresponding to one of the nine types. For convenience 
and clarity in subsequent discussion, we occasionally de- 
note situations of interest by their region in the parameter 
space and by their phase plane type. For example, situa- 
tions of particular interest in experiments described below 
are those in regions IIIa and IIIb of type C; situations in 
which three values of xlS exist, only one is stable, and 
there are no limit cycles. 

Relation to the Experimental System 
Previous experimental studies with the peroxide-thiosul- 

fate system in a CSTR have yielded situations of types A, 
B, and E. For one of those studies (Chang and Schmitz, 
1975b), the locus of operating conditions covered is 
marked by the horizontal dotted line segment in Figure 
3. As indicated by that segment, experiments were in 
region IIa; hence, situations studied were of types A and 
E. (We have neglected the value of E in locating the 
dotted segment in Figure 3. The value of that parameter 
is difficult to fix in any case. Furthermore, we should 
point out that this study focused on the stabilization of 
the intermediate unstable states by means of automatic 

A 

March, 1979 Page 293 



1 I I I '  I 
7 stable states -- unstable states 

Da 
Fig. 4. Predicted steady state conversion curve far the experimental 

system for point (p) in Figure 2. 

feedback control. The dotted segment in Figuse 3 repre- 
sents the uncontrolled reactor; the control strategy can- 
not be represented in that figure.) 

The experiments of Vejtasa and Schmitz (1970) were 
with an adiabatic reactor. Therefore, their conditions cov- 
ered a vertical line segment in Figure 3 at (Y = 1 (or 
actually to the left of a = 1 if a nonzero value of E is con- 
sidered). As can be seen from Figure 3, only regions I, 
IIa, and IIb are accessible under those conditions. Ac- 
cordingly, only phase plots of types A and E were ob- 
served in the experiments of Vejtasa and Schmitz. 

Another series of experiments reported by Chang and 
Schmitz (1975~)  cannot be located accurately relative 
to the curves in either of the parameter planes of Figures 

1 or 2 because the value of px2C, a fixed parameter in 
those planes, was not held constant. The dotted line seg- 

ment in Figure 2 shows the value of B and the range of 
values of 01 for those experiments (again, we have neg- 
lected the value of E ) ,  but the value of the parameter 

group Px2c varied from about -1.70 to -0.852. How- 

ever, the curves in the a ,  B plane are not very sensitive 
to that parameter group, as can be deduced from a com- 
parison of Figures 2 and 3. As indicated by the dotted 
segment of Figure 2, the experimental study of Chang 
and Schmitz ( 1 9 7 5 ~ )  straddled regions I11 and V. The 
study focused on limit cycle behavior and consequently 
displayed situations only of type A in region I11 and of 
types A and B in region Vb. 

The type of experiment suggested by the theoretical 
results described in earlier sections of this paper and 
the type planned in the present work are ones in which 

the parameter groups a, B,  b, px2c, and y are all held 
constant, and the Damkiihler number Da is varied. In 

this manner, a single point is defined in the a, B plane. 

A 

A 

A 

A 

A A  

A 

By varying the value of Da, one would then expect to 
observe the various types of steady state and oscillatory 
patterns predicted in Figure 1 for the region correspond- 
ing to that particular point. In conducting such an experi- 
ment, however, one must contend with the following 
difficulty. The only convenient experimental parameter 
in the Damkohler number is the residence time T or, more 

specifically, the feed flow rate, However, p, and hence Q 

and PXZC also depend on T. Thus, the experimental plan 
demands that H be manipulated in such a way that the 

product HT, and hence p, remains constant as Da is 
varied. ' 

The approach in the experimental part of this work was 

to fix ~ 3 x 2 ~  at a value of -0.852 which corresponds to a 

value of P of 0.60. (Values of b and y were fixed at 1.33 
and 29.8, respectively, as stated earlier.) The intention 
was to use the theoretical results of Figure 2 to guide 
the selection of experimental conditions so as to lead to 
types of states that have not previously been observed 
for this reaction system. Thus, the primary interest, 
insofar as experiments were concerned, was in situations 
of types C, D, F, G, H, and J which might be found in 
regions IIIa, IIIb, IVa, IVb, Va, and VI of Figure 2. 
We carried out a large number of computations and simu- 
lations covering all of these regions, the essential result 
being that region IIIa was the only experimentally feasi- 
ble region to explore for behavior not previously observed 
and that situations of type C were the only new ones to 
expect, As shown in Figure 1, for situations of type C, 
there exist three steady states, the high and intermediate 
conversion states being unstable. All trajectories in the 
phase plane approach the only stable state; there are no 
limit cycles (Uppal et al., 1974). Computations revealed 
that the experimentally accessible portion of the parame- 
ter plane in Figure 2 was toward the lower left. The 
main limitations in extending studies to larger values of 

B and (Y were those of the cooling system capacity in 
the present laboratory facility along with the lower and 
upper limits on steady state and feed temperatures of 
about 0" and 100°C. Region VI was experimentally 
feasible but was simply too small to attempt to reach 
in thc laboratory. Furthermore, computations that were 
carried out in the accessible portions of the regions of 
interest showed that with the exception of type C in 
region 111, the new types of phase plots being sought 
existed over such narrow ranges of values of Da that 
they would be unattainable experimentally, including 
types F and H in regions IIIa and IIIb. 

It should be clear that these results regarding the at- 
tainability of certain types of behavior are due to ex- 
perimental limitations and to this particular reaction sys- 
tem. They do not necessarily have any bearing on the 
general signikance of the various situations depicted in 
Figures 1 to 3. 

As a result of the computations and simulations, a single 

point ( a  = 1.6, B = 11.5) was selected in region 111 for 
the experimental work described in the following section. 
For this point, indicated by point (p)  in Figure 2, the 

A 

A 

A 

A 

A 

A 

A 

* For the coupling of experimental work with theory, it would oh- 
viously be of advantage to have the parameter groups redefined so that 
the residence time affects only a single parameter. This approach makes 
the theoretical delineation of regions in parsmeter space and of the 
nature of steady states more difficult, bi4t it has been adopted in a re- 
cent study by UppaI et al. (1976) for a fist-order kinetic model. Analo- 
gous computations for a second-order reaction would be quite cumber- 
some and were not attempted in our work. 
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predicted steady state conversion x1s vs. Da is shown 
in Figure 4. As indicated in that figure, situations of types 
A, C, and E are predicted. The range of Da values for 
types F or H is so small as to be practically nonexistent. 
Notice that type C is on a narrow range of Da values as 
well, but it is an experimentally feasible range.* 

As mentioned earlier, phase plots of type C have not 
previously been observed for this reaction system or, for 
that matter, for any homogeneous reaction to our knowl- 
edge. This type, however, has been reported for the 
catalytic oxidation of hydrogen on a platinum catalyst in 
a recirculating reactor by Horak and Jiracek (1972). It 
should be mentioned here also that situations of type F 
have been observed for the isothermal platinum cata- 
lyzed oxidation of carbon monoxide in gradientless reac- 
tors (Hugo and Jakubith, 1972; McCarthy et al., 1975; 
Plichta, 1976; Schmitz, 1975). References to studies of 
these phenomena and re!ated ones are contained in a re- 
cent review paper by Sheintuch and Schmitz ( 1977). 

Finally, attention is called to the dashed line segment 
directed from point (9) to point (p)  in Figure 2. That 
segment is intended to show schematically the path that 

is followed by u and B as E is decreased to a value of zero 
at point (p) .  Recall that c accounts for the presence of 
extraneous heat capacities and that it has no effect what- 
soever on the steady state. Therefore, in the experimental 
system, situations of type E in region I1 may be converted 
to those of type C in region 111 when extraneous heat ca- 
pacities are made sufficiently small. The reverse, of course, 
is true if the capacities are made large. This is an im- 
portant point in the experimental study of type C phase 
plots as described below. One should realize that chang- 

ing E also changes the value of JBx~c, one of the parameter 
groups held constant in Figure 2, and therefore also 
changes the locations of the curves in Figure 2. However, 
as pointed out earlier, those curves are not very sensitive 

to changes in pxzc, and the essential conclusion that re- 
gion 11 is approached as E increases can be proven in 

general for points in the U, B plane lying above the M 
curve. 

A 

A 

A 

A 

EXPERIMENTS 

Equipment and Procedurrr 
The laboratory facility and the general experimental 

procedures used for the present study have been described 
previously (Chang and Schmitz, 1 9 7 5 ~ ) ;  only the more 
salient features and important modifications are de- 
scribed here, The reactor, similar in most respects to the 
one designated as reactor A in the paper by Chang and 
Schmitz ( 1975a), was cylindrical in shape, constructed 
from type 304 stainless steel foil with a wall thickness of 
0.002 in. and a bottom thickness of 0.04 in. The reactor 
had a void volume for the reacting mixture of 980 ml. 
Heat removal was to a brine solution which flowed 
through a stainless steel coil submerged in the reacting 
mixture. 

O All theoretical results discussed in connection with the remaining 
figures in this paper, beginning with Figure 4, incorporate a value of e 
of 0.015 in the appropriate parameter groups. This value seemed rea- 
sonable in light of previous experiments by Chang and Schmitz (1975a). 
Theoretical results in remaining figures also take into account the tem- 

perature dependence of the factor H in ,4 and hence in a and j3 xzc. It 
seems that neither of these effects leads to a noteworthy change in the 
steady state cuwes, in stability characteristics, or in the vsrious regions 
in the parameter plane and the types of phase plots. We found the ef- 
fects to be significant, however, in the quantitative description of the 
unsteady state. Therefore, they were retained in all computer programs 
used directly in conjunction with the experiments. 

A A 

An important modification made in the experimental 
system for the present study was the addition of a cylin- 
drical Plexiglas housing which surrounded the reactor 
wall and created an annular gap of about $2 in. between 
the housing and the wall. The usual procedure during 
experiments was to allow the reactor to reach a steady 
state with the gap filled with about 400 ml of water. 
The purpose of the water was to provide an extraneous 
heat capacity of such magnitude that the high conversion 
states in phase plots of type C would be stabilized. The 
housing was equipped with a drain tube at the bottom 
so that the water could be removed conveniently. Re- 
moving the water would decrease the value of E ,  pre- 
sumably to a point where a state that had been stable 
with the water present would become unstable. Thus, 
adding and removing water in an experiment would cause 

movement of the operating point in the a, B plane of 
Figure 2 along the dashed line, approaching point (p) 
when the water was entirely removed. 

To ensure good thermal contact between the water and 
the reactor contents, air was sparged through the annular 
space, In addition, the housing was insulated from the 
surroundings so that there were no appreciable heat losses 
at steady state from the reactor to the water. The water 
thus served simply to provide an extra heat capacity; it 
had no effect on the steady state of the reactor. With 400 
ml of water in the annular gap, the value of E was about 

0.4. Accordingly, the initial value of CY and B corresponded 
roughly to point (9)  on the dashed line in Figure 2. 

Three copper constantan thermocouples were located 
in the reactor contents, and another was in the annular 
water. Temperature measurements from these thermo- 
couples differed by less than 0.5" at a steady state. 

The experimental system was interfaced to an IBM- 
1800 digital computer, The role of the computer was to 
sample and store temperature data from the reactor as 
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Fig. 5. Theoretical and experimental results. 
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Fig. 6. Temperature transient following sudden reduction, at point 
(a), of system heat capacity with Da = 0.0724. 

well as from the inlet and outlet coolant line at time 
intervals of 2 s. The coolant flow rate was also sam- 
pled (as a voltage signal from a differential pressure 
transmitter on an orifice) and later used along with the 
temperatures in energy balance equations to compute 
and correlate the heat transfer coefficient. (The resulting 
correlation in terms of reactor temperature and coolant 
flow rate is that given in Table 1.) At the end of an ex- 
periment, a plotter, also on line with the digital com- 
puter, was used to obtain temperature-time plots and 
phase plane trajectories of <IT/& vs. T .  For the latter 
plots, the instantaneous temperature derivative was com- 
puted from the stored reactor temperature data by means 
of a five-point smoothing algorithm. 

As mentioned earlier, the experiments were conducted 

in such a way that #? was maintained constant at 0.60, 
and the Damkohler number was manipulated by changing 
the feed flow rate. The range of Damkohler number of 
interest was from about 0.07 to 0.09. This range called 
for residence time changes from 26.4 to about 33.9 s, 
which in turn called for coolant flow rate changes from 

about 70 to 40 mI/s in order to maintain #? constant. 
In the course of the experiments, then, the feed flow 
rate (or residence time) was dictated by the desired value 

of Da. The value of H was calculated to give #? = 0.6, and 
the cooIant flow was set according to the value of q. 
given by Equation ( 4 ) ,  with U taken from the correlation 
in Table 1. For these purposes, the temperature used in 
the computation of U was the theoretically predicted 
steady state temperature. 

Results 

Experiments were carried out at six different values of 
Da. For three of these, the high conversion state was 
predicted to be stable, and for the others it was pre- 
dicted to be unstable. The resulting steady states are 
shown along with theoretical predictions of their stability 
and types of phase plots in Figure 5. As indicated by the 
data shown in Figure 5, there was excellent agreement 
between theoretical and experimental results with re- 
gard both to the steady state values and to their sta- 
bility. The steady state conversion shown on the left 
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Fig. 7. Phase plot for the temperature transient of Figure 6. Points 
(1) and (2) correspond to those indicated for Da = 0.0724 in  

Figure 5. 

ordinate in Figure 5 was not measured directly in the 
cxpcriments; it was computed from steady state equations 
using the measured reactor temperature T,. Note that 
values of T,  are given on the right ordinate in Figure 5, 
and the residence time is shown on the top abscissa. 

The three states determined to be unstable in the ex- 
periments with water removed from the jacket were at 
Da values of 0.0720, 0.0724, and 0.0730, which cor- 
responded to residence times of 26.4, 27.3, and 27.5 s, 
respectively. [The estimated experimental error in the 
residence time values could be kept as low as c 0.1 s 
with careful attention to rotameter settings. In fact, the 
portion of the steady state curve of interest is quite sensi- 
tive to all parameters. Feed concentrations were prepared 
to specified values with a maximum deviation of 1%, 
and coolant flow rates were accurate to k 0.5 ml/s. As 
an indication of the precision attained in the data pre- 
sented here, point (1) in Figure 5 was reproduced on 
three separate occasions with no appreciable deviation in 
the steady state temperature.] The data points shown for 
these states in Figure 5 were obtained with the extraneous 
water present in the jacket surrounding the reactor wall, 
and in this case these steady states were stable. When 
the water was removed the steady states become un- 
stable, and natural disturbances led to the onset of 
small amplitude oscillations in the reactor temperature. 
The oscillations grew in amplitude for several periods 
until the eventually led to an asymptotic approach to 
a stable, low conversion state. This transient tempera- 
ture, which effectively is a consequence of making a 
sudden change from point (9) to point (p )  in Figure 
3, is shown for Da = 0.0724 in Figure 6. In this case, 
the state prior to the removal of the jacket water cor- 
responded to point (I) in Figure 5 and the final state to 
point ( 2 )  in that figure. Points (1) and ( 2 )  in Figure 5 
lie on separate curves because of the manner in which 
the experiments with transient behavior were conducted. 
[The curve through point ( l) ,  in fact, is the curve shown 

in Figure 4.1 No attempt was made to hold H ,  hence #?, 
constant during the unsteady state. Instead, the coolant 
flow rate qc was held constant at its value at the high 
conversion state, for example, at its value corresponding 
to point (1) in Figure 5 for the case of Da = 0.0724. As 

A 
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the temperature changed in the unsteady state, U changed 

(and H ,  /3, CY, and px2c as well) because of its temperature 
dependence. Thus, the final state, that is point (2 )  in 
Figure 5 for the case of Da = 0.0724, was at  a different 

value of a and B X ~ C  as indicated in the figure. An adjust- 
ment in qc to reset U to its original value would presum- 
ably have moved point ( 2 )  onto the same curve as point 
(1). 

Figure 7 shows both the experimental and the simu- 
lated transient responses in the phase plane of dT/dt  VS. 
7‘. In order to permit a meaningful comparison between 
the two, the initial point on the simulated response was 
taken to be identical to a point on the experimental curve 
at a time somewhat after the onset of oscillations. The 
two curves in Figure 7 show very good agreement in both 
a qualitative and quantitative sense. 

The other two unstable cases depicted in Figure 5 gave 
very similar results. None of them led to sustained oscil- 
lations. Furthermore, experiments showed that small per- 
turbations from those states indicated as being, stable in 
Figure 5 for Da values of 0.076, 0.078, and 0.089 de- 
cayed regardless of whether or not the extraneous water 
was present, 

As concluding remarks, we emphasize again the excel- 
lent agreement between theory and experiment (an  af- 
firmation principally of the perfect mixing model and of 
the accuracy of model constants, including reaction ki- 
netic constants) and the combination of a theoretical 
analysis and an experimental technique which enabled us 
to demonstrate a type of reactor instability and dynamic 
behavior not previously reported for this type of sys- 
tem. Furthermore, the role of extraneous heat capacities 
in reactor stability considerations was clearly demon- 
strated. This role may indeed be important in practical 
scale-up problems because certain imminent instabjlities 
in large commercial reactors (where extraneous capacities 
are relatively small) may be nonexistent in pilot plant 
or bench scale counterparts (where extraneous capacities 
are relatively large). 
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NOTATION 

A = coefficient matrix defined in Equation (6) 
A; = heat transfer area 
b = dimensionless parameter group, ~ C A , F / C B , F  

B = dimensionless parameter group, ( - A H )  CB,F y /  

[ZPCpTF(1 + €11 
Ca, Co = concentrations of sodium thiosulfate and hydro- 

gen peroxide, respectively 
C,, Cpc, Cpnl = heat capacities of the reacting mixture, 

coolant, and extraneous reactor materials, respec- 
tively 

Da = Damkohler number for second-order reaction, 

E = activation energy 
H 
AH = enthalpy of reaction 
k( T )  = reaction velocity factor, k, exp ( - E/R,T) 
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A 

7k ( T F )  CB,F 

= heat transfer function defined in Equation (3 )  

k, = preexponential factor in Arrhenius rate law 
m = mass of extraneous reactor material 
mi, m2 = real positive roots (between zero and unity) of 

q, q c  = 

R, = 
$1, $2 = 

t =  
T =  
Tc = 
u =  
v =  
x1 = 

x2 = 
x2c = 

Y =  

, .  
Equation (5) 
volumetric flow rates of reacting mixture and cool- 
ant, respectively 
universal gas constant 
real positive roots (between zero and unity) of 
Equation (7) 
time 
reactor temperature 
inlet coolant temperature 
overall heat transfer coefficient 
reactor volume 
fractional conversion of peroxide, 

dimensionless temperature, ( T  - T F )  ~ / T F  
dimensionless inlet coolant temperature, 

vector of perturbation variables defined in Equa- 
tion (6) 

( CB,F - C B )  /CB,F 

(TC - T F )  Y/TF 

Greek Letters 

(Y 

A 
= dimensionless parameter group, B + 1/ ( 1  + t )  

i; 
Y 
t 

= dimensionless parameter group, Hr/pCpV( 1 + t )  

= dimensionless activation energy, E /  R,TF 
= ratio of heat capacity of solids to heat capacity 

pc = densities of reacting mixture and coolant, respec- 
of reacting fluid, mC,,/VpC, 

tively 
0 = dimensionless time, t / r  
7 = residence time, V / q  

P> 

Subscripts 
F = feed state 
S = steady state 
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